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Let G = (V, E) bea graph with n vertices and e edges. Denote V(G) = {vy, va, ..., vy}.
The 2-degree of v;, denoted by #;, is the sum of degrees of the vertices adjacent to v;, 1 <
i < n. Let o; be the sum of the 2-degree of vertices adjacent to v;. In this paper, we present
two sharp upper bounds for the energy of G in terms of n, ¢, t;, and o;, from which we can
get some known results. Also we give a sharp bound for the energy of a forest, from which
we can improve some known results for trees.
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1. Introduction

Let G = (V, E) be a simple undirected graph with n vertices and m edges.
Denote V(G) = {v,v2,...,v,}. For v; € V(G), the degree of v;, written by
d(v;) or d;, is the number of edges incident with v;. The 2-degree of v; [2] is
the sum of degrees of the vertices adjacent to v; and denoted by #(v;) or ¢;. The
average 2-degree of v;, denoted by m;, is the average of the degrees of the verti-
ces adjacent to v;. Then f; = d;m;. Furthermore, denoted by o; the sum of the
2-degree of vertices adjacent to v;. A bipartite graph G = (X,Y; E) is (a, b)-
semiregular if there exist two constants @ and b such that each vertex in X has
degree a and each vertex in Y has degree b. A bipartite graph G = (X, Y; E)
is (px, py)-pseudo-semiregular if there exist two constants p, and p, such that
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each vertex in X has average 2-degree p, and each vertex in Y has average
2-degree py. The incident graph of a 2-(v, k, A)-design is a (r, k)-semiregular
bipartite graph with v + b vertices and vr(= bk) edges. The distance between v;
and v; in G, denoted by d(v;, v;), is the number of edges in a shortest path join-
ing v; and v;. Moreover, if G is connected, then the eccentricity of v;, denoted
by I(v;), is defined by I(v;) = max{d(v;,v;): v; €V, i # j}.

The energy of G, denoted by E(G), is defined as E(G) = DI, |Ai|, where
A = Ay = --- = A, are the eigenvalues of the adjacency matrix of G. This con-
cept was introduced by Gutman and is intensively studied in chemistry, since it
can be used to approximate the total w-electron energy of a molecule (see, e.g.,
[9,10]). In 1971, McClelland [16] discovered the first upper bound for E(G) as
follows:

E(G) < V2en. (1

Since then, numerous other bounds for E(G) were given (see, e.g., [1,6-9,11-16]).
Let us recall some upper bounds for E(G) which were obtained recently.
(1) Koolen and Moulton [13]: Let G be a graph with n vertices and e edges.
If 2¢ > n, then

2
EG) <2+ |m-1) |:2e - (%) } )
n n

Moreover, equality holds if and only if G is either 5K, K, or a non-complete
connected strongly regular graph with two non-trivial eigenvalues both with

De—(2€)2
absolute value eni’l‘)

If 2¢ < n, then

E(G) < 2e. (3)

Equality holds if and only if G is disjoint union of edges and isolated vertices.
(1’) Koolen and Moulton [14]: Let G be a bipartite graph with n>2
vertices and e edges. If 2¢ > n, then

2
E(G)SZ(%)—I— (n—2) [2e—2(2n—e) } 4)

Equality holds if and only if G is either 5 K>, a complete bipartite graph or the
incidence graph of a symmetric 2-(v, k, A)-design with k£ = % and A = k(UkT_IU
(n =2v, 24/e < n < 2e).
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(2) Zhou [19]: If G is a graph with n vertices, e edges, and degree sequence
di,d», ..., d,, then

n 2 n 2
EG) < Z=Tld+ <n—1>(2e—M). (5)

n

Equality holds if and only if G is either 5 K3, a complete bipartite graph, a non-
complete connected strongly regular graph with two non-trivial eigenvalues both

with absolute value \/(Ze — (%)2)/(11 —1) or nkj.

(2") Zhou [19]: If G is a bipartite graph with n > 2 vertices, e edges, and
degree sequence di, ds, ..., d,, then

n 2 n 2
EG) <2 M + n=2 (2e _ 221—:14) (6)
n

n

Equality holds if and only if G is either 7K3, a complete bipartite graph, the
.. . . . 2 k(k—1)
incidence graph of a symmetric 2-(v, k, 1)-design with k = <7, and A = (uT
(n = 2v) or nkj.

(3) Yu, et al. [17]: Let G be a non-empty graph with n vertices, e edges,

degree sequence di, do, ..., d,, and 2-degree sequence f1, 7, ..., ;. Then
nog2 nog2
E(G) < LIZJF (n—l)(Ze—Zr’l;I’z : (7)
2io1d; >im1d;

Equality holds if and only if one of the following statements holds:

()G = 5Kz (i) G = K, (i) G is a non-bipartite con-
nected p-pseudo-regular graph with three distinct eigenvalues

2m—p? 2m—p? 2
(p, \/ n_{’, —\/ n_fj ),Wherep> o

(3) Yu et al. [17]: Let G = (X,Y) be a non-empty bipartite graph with

n > 2 vertices, e edges, degree sequence di,d>,...,d, and 2-degree sequence
f,t,...,t;. Then
no2 257 42
EG) <2 Z;IZJF (n—z)(ze—zn;lé . (8)
2.i=14; 2i=14;

Equality holds if and only if one of the following statements holds:
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i) G= %Kz;
(i) G =Ky, r, U(m—r1 —ry)Ky, where riry = m;

(1) G is a connected (py, py)-pseudo-semiregular bipartite graph with four
distinct eigenvalues ( /Dx Dy \/ze_nz_pz"p", —\/2e_”2_pfpy, - «/Pxpy)a
where ,/pxpy > ,/2”—6.

Note that inequality (2) and (4) can be obtained from inequality (5) and (6), and
the inequality (5) and (6) can be obtained from inequality (7) and (8) (see [17]).

In this paper, we first present two new upper bounds for E(G) in terms of
n, e, t;, and o;, from which we can improve some known results. We also obtain
another upper bound for the energy of a forest 7 in terms of n, e, the degree
d;, and the average degree m; of one vertex v;, and give an example to illustrate
that our result is, in some sense, best.

2.  The energy of a graph

In order to obtain a sharp upper bound for the energy of a graph, we need
the following lemmas.

In [18], for connected graph G, Hong and Zhang obtain an upper bound
of A1(G). In fact, it also holds for any non-empty graph.

Lemma 2.1 [18]. Let G be a non-empty simple graph of order n. Then

)
with equality if and only if
o o0y On
nooho oy
or G is a bipartite graph with V = {vy, va, ..., vs}U{vg41, U542, ..., vy} such that
o1/t =03/t = ---05/ts and o1/t = 0542/t 2 = -0/ 1y.

Lemma 2.2 [4]. A graph G has only one distinct eigenvalue if and only if G is
an empty graph. A graph G has two distinct eigenvalues @1 > > with multiplic-
ities s; and s; if and only if G is the direct sum of s; complete graphs of order
w1 + 1. In this case, up = —1 and sp = sy ;.

Lemma 2.3 [3]. Let G be a graph with ¢ edges. Then
E(G) > 2/e (10)
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with equality if and only if G is a complete bipartite graph plus arbitrarily many
isolated vertices.

Lemma 2.4 [19]. Let

f) =2+ —2)2e - 207, x < Ve

and

g(x) :x—}—\/(n —2)2e —x2), x< V2e.

Then f(x) and g(x) are monotonously decreasing in x > ,/2,1—6.

First, we give an upper bound for E(G) and characterize those graphs for
which this bound is best possible.

Theorem 2.5. Let G be a non-empty simple graph with n vertices and e edges.

Then
noo2 nog2
EG < |[Z21% 4 (o (Ze - z=—1(’2) (11)
i1 2=t f

Equality holds if and only if one of the following statements holds:

(1) G = 5K>3; (2) G = Ky; (3) G is a non-bipartite connected graph satisfy-
ing ‘t’—ll = .-~ = 7 and has three distinct eigenvalues (p, \/26_”2, - \/26_”2),

t, n—1 n—1

Wherep:%:"‘=%>\/%.

Proof. Let Ay > Ay > --- = A, be the eigenvalues of G. By the Cauchy—
Schwartz inequality, we have

DIl < \/(n -1 Z?:g A= \/(n — 1)(2e — A9).
i=2

Hence

E(G) <+ = D2e — ).

By lemma 2.1, we have
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and equality holds if and only if oy/t] = 02/tp = --- = 0,,/t,, or G is a bipar-
tite graph with V = {vy, ..., vg} U {vs11, ..., vy} such that o1/t = ---0,/t; and
O-s—i-l/l‘s—H = =0y/ln.

Noting that dio1 +dyor+ - -+dyoy =t +15+- -+t and i+ 1+ +1, =
d12+d§+---+d,%, we have

r(G) =

(12)

n 2
Hence, by lemma 2.4, g(11(G)) < g ( /%’f] ?2 ), which implies
i=1%

n 2 n 2
E(G) < —Z‘,,,:l 0; + [(n—1) (2e — —Zln:l “; )
Dot D1t

If G is one of the three graphs shown in the second part of the theorem,
it is easy to check that the equality (11) holds. Conversely, if the equality (11)
holds, according to the above argument, we have

n 2
.10
(G = | 2=
21l
which implies that o1/t; = o»/tp = -+ = o, /t,, or G is a bipartite graph with
V={vg,..., v} U{vgst,...,v,} such that o1/t = --- = o5/t; and o441 1/t;41 =
2e—22

-~ 0op/ty. Moreover, |A;| =/ ==+ (2 <i < n). Note that G has only one distinct

eigenvalue if and only if G is an empty graph. We are reduced to the following
two possibilities:

(1) G has two distinct eigenvalues.
If the two distinct eigenvalues of G have the same absolute value, then

2 52
o=l =224 @ <i < n). By lemma 2.2, 3] = /22 =1 2 <

i < n). Hence 2e = n, which implies G = 2K>.

If the two eigenvalues of G have different absolute values, then by
lemma 2.2, A; = —1 (2 < i < n). Moreover, G is a complete graph
of order n, i.e., G = K,,.

(2) G has three distinct eigenvalues.
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In this case, A1 = Z” and [Li| = ,/ — (2 < i < n). Moreover, A > A;
11 i
and A; # 0. Combining the fact that
oy 02 _ On
no oty
or G is a bipartite graph with V = {v, ..., vs}U{vs41, ..., vy} such that o1/t =
- = oy/t; and av+1/tv+1 = ... = oy/ty, we have G is a non-bipartite con-
nected graph with & = °2 = ... = ‘z’: and has three distinct eigenvalues
(p, ,/%, ,/28_ ),wherep— %Z =(t’—i"=%> %(lgign).
This completes the proof theorem 2.5. m]

Note 2.6. By (12), we have the bound (11) is better than (2), (5), and (7).

3.  The energy of a bipartite graph

In this section, we give an upper bound for the energy of a bipartite graph
and characterize those graphs for which this bound is best possible.

Theorem 3.1. Let G = (X,Y) be a non-empty bipartite graph with n > 2 ver-
tices and e edges. Then

noog? 25" o2
£G) <2 | Z=1% 4 ) (Ze - Z—=IZ) (13)
21t izl
Equality holds if and only if one of the following statements holds:
(1) G = 5Ky;
(2) G =Ky, U(n—r;y —r)Ky, where riry =e;
(3) G is a connected bipartite graph with V ={v, vo, ..., vg} U {vs11, v510,
., U,} such that O']/I] = oy/th = - = og/ty and oy 1/tgr] =
Osi2/tyin = = oy,/ty, and has four distinct eigenvalues

. 2e—2py 2e—2pypy
( pxpy’ \/E I’p\’ —\/ En_pzpy’ —_ /pxpy), Where p}C = O’l/l’l —
.-O's/ts, py=O'S+1/ts+1=O-n/tn and «/px—py>\/2nz

Proof. Let Ay > Ay > --- > A, be the eigenvalues of G. Since G is a bipartite
graph, we have A; = —A,,. By the Cauchy-Schwartz inequality,

—1
Al < \/(n —2) Zl:—; 2= \/m —2)(2e — 213).
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Hence

E(G) <211 + \/(n —2)(2e — 22%).

By lemma 2.1, we have

and equality holds if and only if o/t = 03/t = --- = 0, /1, Or G is a bipartite
graph with V. = {vy, ..., vs} U {vsiq,..., vy} such that oy/t) = --- = o,/t; and
Os41/ts41 ="+ = 0On/ly.

Noting that djo1 +dyor+- - -+dyoy =t} + 15+ -+t and i+ 1+ - +1, =
d} +d3 + - +d?2, we have

Z?:l Oiz S
2 =
Dol

So f(M(G))éf( Ziao]

=

\/(n—2) (26— M)

D=l Uiz
EG)<2, | ST 2 +
i}

If G is one of the three graphs shown in the second part of the theorem,
it is easy to check that the equality in (13) holds. Conversely, if the equality in
(13) holds, according to the above argument, we have

AM=—A, =
which implies that G is a connected bipartite graph with V. = {vy,..., v} U
{vs41, ..., vy} such that o1/t = --- = 05/t; and oy11/t;41 = -+ = 0, /t,. More-
2
over, |A;| = 22_2; L 2 < i < n—1). We are reduced to the following three

possibilities:

(1) G has two distinct eigenvalues which have the same absolute value.

2
o= ==l =2 2 < i < n—1). By lemma 22, 4, =

26—2)\% . . . ~ n
—/ ==+ = —1. Hence 2¢ = n, which implies G = 5K>.
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(2) G has three distinct eigenvalues.
In this case, noting that G is a bipartite graph, we have .| = —X, =

J%l and 7 = /221 = 0 2 < i < n— 1), which implies that
14

E(G) =2A; = 2/e. By lemma 2.3, we have G = K,, ,,U(n—r; —r)Kj,
where rjry = e.

(3) G has four distinct eigenvalues.

In this case, noting that the multiplicity of A; is one, we have G is a con-
nected bipartite graph with V = {v,va, ..., v5} U {vga1, v5u2, ..., v,} satisfying
o1/t = 02/th =+ = 05/ty and oyy1/l41 = O542/ls42 = -+ = 0y/1n, and G has

four distinct eigenvalues ( /Dx Dy \/2e 2Py , —\/26_”2_’7;”, — /pxpy), where

Dy = \/% 1<i<s, py= / - s+1 < j<nand /pip, > % This completes
the proof of theorem 3.1. m]

Note 3.2. By (14), we have the bound (13) is better than (4), (6), and (8).

4. The energy of a forest
In order to investigate the energy of a forest, we need the following lemmas.

Lemma 4.1 [5]. Let T be a tree of order n (n > 2) and suppose that there exists
a vertex v; € V(T) such that I(v;) < 2, then

MT) = Vd+m—1, (15)

where d = d(v;) and m = m;. Moreover, the equality holds in (15) if and only if
the degree of the neighbors of v; are equal.

Lemma 4.2 [4]. Let G be a graph and G’ a subgraph of G. Then A;(G’) < A1(G)
and equality holds if and only if G’ = G.

Let Ty4.4;(d; > 2) be a tree obtained by joining the centers of d; copies of
Ky 4;-1 to a new vertex v;. Then 71,1 = K151

In this section, the proof of our main result is carried out mainly by the fol-
lowing lemma (given in Das Thesis). We give the proof here for reference only.

Lemma 4.3. Let T be a tree with order n, degree sequence di,d>,...,d, and
average 2-degree sequence mi, my, ..., my,. Then

M) > max{y/di +m; —1 : 1 <i<n}. (16)
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Moreover, the equality in (16) holds if and only if T = Ty, 4.

Proof. We know that if H is a subgraph of G, then A{(H) < A1(G). Thus by
Lemma 4.1, we have

MT) = Vdi+m;i—1, 1<i<n. (17)

By (17) and (16) holds immediately.
Now suppose that the equality holds in (16). That is, for some v; € V(T),

M(T) =/d;i +m; — 1.

Note that if 7" C 7, then A1(7") < A1(T) by Lemma 4.2. Therefore T = Ty, 4,
by Lemma 4.1.
Conversely, let T = T(d;, d;). It is easily to check that the equality holds in

(16). O
Theorem 4.4. Let T be a forest with n vertices, e edges, degree sequence
di,d>,...,d, and average 2-degree sequence mj, my, ..., m,. Then

E(T) <25 ++/(n —2) 2¢ = 29), (18)

where s = max{d; + m; —1 : 1 <i <n}. Equality holds if and only if one of
the following statements holds:

H)r= %Kz;
(i) T=K1.Um—1—-e)Ky;

(i) 7 = Ty.a,(d;i > 2) with four distinct eigenvalues (ﬁ, Zegs
2e=2s
VA= _ﬁ)-

Proof. Let Ay > Ay > --- > XA, be the eigenvalues of T. Since T is a bipartite
graph, we have A1 = —A,. By the Cauchy-Schwartz inequality,

n—1
; Al < \/(n -2) Z':zl A7 = \/(n —2)(2e — 22).

Hence

E(T) < 2x + \/(n —2)(2e — 22%).
By lemma 4.3, we have

M =max{Vdi +m;i —1, 1<i<n}=4/s
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and equality holds if and only if 7 has a component 7" = T, 4;.
Noting that

M zmax{/di +m; —1, 1 <i<n}=+/s >+/2e/n

and hence, by lemma 2.4, we have f(A) < f (y/s), which implies

E(T) <25+ (n —2) (2e — 2s).

If G is one of the three graphs shown in the second part of the theorem, it
is easy to check that the equality in (18) holds.

Conversely, if the equality in (18) holds, according to the above argument,
we have A = —A, = ./s, which implies that T has a component 7' = Td; d; -

2e— 212

Moreover, |A;| = (2 <i <n—1). We are reduced to the following three
possibilities:

(1) T has two distinct eigenvalues which have the same absolute value.

AM = —Ap = |Ai] = 2= ‘ 2<i<n-1).Bylemma 22, 2, =
)
— %25 = —1. Hence 2¢ = n, which implies T = %K.

(2) T has three distinct eigenvalues.

In this case, noting that T is a bipartite graph, we have A} = —A, = /s

and A; = 26” =0 (2 <i <n-1), which implies that E(T) = 21| =

2/e. By lemma 2.3, we have T = K|, U (n — 1 —¢)K].

(3) T has four distinct eigenvalues.

In this case, noting that the multiplicity of A; is one, we have T = Ty, 4,
2e—2 2e—2
= T e _\/E)-

and T has four distinct eigenvalues (ﬁ
This completes the proof of theorem 4.4. o

Let T be a tree with n vertices. Then d; > 1 and m; > 1 for 1 <i < n. Note
that d; +m; =2 if and only if T = Ky, and if d; + m; > 3, then d; + m; — 1 >
2>2m—1)/n =2e/n. Thus

3
Jdi+mi—1> /= 1<i<n
n

From the proof of theorem 4.4, we have the following result.
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T*
Figure 1.
Theorem 4.5. Let T be a tree with n vertices, degree sequence di, d, ..., d, and
average 2-degree sequence mi, my, ..., m,. Then

E(T)<min{2\/dl~+m,-—1+\/(n—2)(2n—2d,~—2m,') N gn}. (19)

Equality holds if and only if 7' is either K3, a star Ky, or T = Ty, q;, di >

2 with four distinct eigenvalues (\/d Fm; — 1, )22 fldzzm’ _ )22 idzzm’

di +m; — 1).

Note 4.6. The bound (19) is always better than (4) for trees.

Note 4.7. It is easily to check that the bound (19) is better than (6) and (8) for
T*, where T* is a graph shown in figure 1.
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